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Abstract. We study real-analytic Levi degenerate hyper surf aces M in complex manifolds of di- 
mension 3, for which the CR-automorphism group Aut(M) is a real Lie group acting transitively 
on M. We provide large classes of examples for such M, compute the corresponding groups 
Aut(M) and determine the maximal subsets of M that cannot be separated by global con- 
tinuous CR-functions. It turns out that all our examples, although partly arising in different 
contexts, are locally CR-equivalent to the tube ^ = x lU? C over the future light cone 
:= {x G : -|- x| = Xg, X3 > 0} in 3-dimensional space-time. 

1. Introduction 

The notion of a Cauchy-Riemann-manifold (CR-manifold for short) generalizes that of 
a complex manifold. While two complex manifolds of the same dimension are always locally 
equivalent, this is no longer true for CR-manifolds. A basic invariant for a CR-manifold is the so- 
called Levi form. In case this form is nondegenerate, Chern and Moser give in their celebrated 
paper [5] further invariants which characterize up to equivalence the local CR-structure of real 
hypersurfaces in C^^^. For hypersurfaces with degenerate Levi form the corresponding program 
seems to be much harder to overcome. Of course, in case the connected real-analytic (locally 
closed) hypersurface M C C""*"^ has a Levi nondegenerate point, all points in a dense open 
subset of M are of this type. Therefore, of a special interest are those hypersurfaces which 
have everywhere degenerate Levi form but are not Levi flat. Clearly, the smallest n for which 
hypersurfaces M C C""*"^ with this property can occur is n = 2, that is, where M has real 
dimension 5. In fact, the tube := ^ y. iR^ C over the future light cone := {x € R^ : 
^1+^2 = ^^g, X3 > 0} in 3-dimensional space-time is a well known example of this type. This 
CR-manifold, which is the starting point for our studies, is even homogeneous in the sense that 
a Lie group of CR-automorphisms acts transitively. In a way, 3" may be considered as a model 
surface [7] for locally homogeneous Levi degenerate surfaces, similar to the sphere S'^"'^^ C C"^^ 
for spherical surfaces in the Levi nondegenerate case, compare e.g. [4] for the classification of 
homogeneous surfaces of this type and [1] for general homogeneous CR-manifolds. 

In this paper we examine several naturally occurring CR-manifolds of dimension 5 with 
degenerate Levi-form. Most (but not all) of these are locally homogeneous and 2-nondegenerate. 
Surprisingly, it turns out that all of the latter are locally equivalent to the tube ^ over the light 
cone. From the global point of view, however, there are large classes of pairwise CR-nonequivalent 
manifolds which all are locally CR-equivalent to the tube 3^. The classification of all homoge- 
neous CR-manifolds of this type can essentially be reduced to the study of homogeneous domains 
in the real projective space P3(R). 

The paper is organized as follows: 

In Section 2 we fix notation and recall some basic facts concerning the geometry of CR-manifolds. 
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In Section 3 we recall some (more or less known) properties of the model example ^ and focus 
on an explicit description of the Lie algebra of all infinitesimal CR-automorphisms. 

In Section 4 we investigate hypersurface germs at G C'^ which correspond to the partial normal 
form (A,ii,2) in [6] (the only one out of 8 for holomorphically nondegenerate hypersurfaces 
to which uniformly Levi degenerate hypersurfaces can belong). Besides the fact that a partial 
normal form presentation of a hypersurface germ (M, 0) is not an invariant in the strict sense 
(since it still depends on the choice of an adapted coordinate system and a further group of local 
CR-automorphisms), in general, it is rather difficult to deduce from the information encoded in 
the partial normal form only whether (M, 0) is locally homogeneous or not. In Proposition 4.9 
we give for certain germs a criterion for local homogeneity. We then introduce a family {^t)t€R 
of germs belonging to the partial normal form (A,ii,2) and compute explicitly the Lie algebras 
f)o[(^t, 0) of of germs of infinitesimal CR-transformations at 0. It turns out that {^t)t€'R varies 
from sl(2,R) x su(2) {t < 0) over a non semi-simple Lie algebra {t = 0) to sl(2,R) x 5[(2,R) 
(t > 0) and jumps for t = 1 to the 10-dimensional Lie algebra so (2, 3). As main result of the 
section we show that actually is locally CR-equivalent to the tube £^ and provide an explicit 
local CR-isomorphism. Moreover, the family (^t)teR helps to clarify several results which can 
be found in the literature, compare e.g. the concluding paragraph in Section 4. 

In Section 5 we study global properties of CR-manifolds that arc locally CR-equivalent to the 
tube Our first result states that on the universal covering of =5^, which is infinitely sheeted, 
every global continuous CR-function is the pull-back of a function defined on We then 
introduce a CR-deformation family (=^)t>o of ^ with interesting properties: The are pairwise 
CR-nonequivalent CR-manifolds locally CR-equivalent to and = . On the other hand, 
all S't are diffeomorphic to ^ as real manifolds. What concerns the separation properties by 
global CR-functions, the % behave differently for various t: For instance, \it = p/q with p, g G N 
relatively prime, there are precisely p points in 5^ that cannot be separated from a given point 
in 3t by global CR-functions. Further, for t irrational, there is a closed hypersurface J\^t C 
such that every continuous CR-function on 5^ is real-analytic outside =y^t, while there do exist 
continuous CR-functions on =3^ which are not globally real-analytic. 

In Section 6 we consider a hypersurface C which, in a certain sense, is universal for all 
homogeneous CR-manifolds that are locally CR-equivalent to the tube ^ . This hypersurface 
occurs as the smooth boundary part of the Lie ball in C'^ (biholoniorphic image of Siegel's upper 
halfplane in the space of symmetric 2x2-matrices via a Cay ley transformation). One result is that 
every simply-connected homogeneous CR-manifold locally CR-equivalent to ^ is the universal 
covering of a domain in M on which a suitable subgroup of the CR-automorphism group Aut(i^) 
acts transitively. What concerns some natural group actions, we observe that the nonclosed 
orbits in the complex manifold SL(2,C) under the action of the group SL(2,R) x SL(2,R) given 
by z I— gzh~^ or the nonclosed orbits in the same complex manifold, but under a different 
action, namely of SL(2,C) = Spin(l,3) acting by z i— > gzg', are all CR-equivalent to certain 
homogeneous domains in 

We close by indicating in Section 7 how some results from Section 5 can be generalized to higher 
dimensions. 

2. Preliminaries 

In this paper we use essentially the same conventions and notation as in [11, section 2]: 
Let Z he a complex manifold Z and tt : TZ — > Z its tangent bundle. Then TZ also has the 
structure of a complex manifold with tt being a holomorphic submersion. In particular, every 
tangent space TaZ, a E Z, is & complex vector space with diiocTaZ = n \i Z has complex 
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dimension n at a. By f)o[(Z) we denote the complex Lie algebra of all holomorphic vector fields 
on Z, that is, of all holomorphic sections ^ : Z ^ TM in the tangent bundle over Z. For every 
a G Z we denote the corresponding tangent vector in T^Z with (and not with ^(a) ). 

A (locally closed) real submanifold M G Z is called a CR-manifold if the complex dimension 
of the holomorphic tangent space HaM := TaM D iTaM is a locally constant function of a G M 
(here every tangent space T^M is considered as an R- linear subspace of T^Z). A smooth function 
/ : M ^ C is called CR if for every a G M the restriction of its differential to HaM is complex 
linear. More generally, a smooth mapping (p : M ^ M' between CR-manifolds is CR, if the 
differential daV? : TaM T^(^a)M' maps HaM to H^(^a)M' and is complex linear thereon. The 
notion of CR-function and CR-mapping can also be generalized to the nonsmooth case; then the 
conditions have to hold in the distribution sense, see [2] as a general reference for CR-manifolds. 

In the following we only consider connected real-analytic CR-submanifolds M of Z. With 
^ol(M) we denote the real Lie algebra of all vector fields rj : M ^ TM C TZ on M with 
the following property: To every a E M there is an open neighbourhood C/ of a with respect 
to Z and a holomorphic vector field ^ G {)o[(C/) with = r]z for all z £ U D M. Clearly, in 
case the CR-submanifold M is generic in Z (that is, satisfies T^Z = T^M -|- iTaM for every 
a G M), the local holomorphic extension ^ above can always be chosen in such a way that U 
is an open neighbourhood of all of M in Z. The elements of t)ol{M) are also called infinitesimal 
CR-transformations on M, the reason being that the corresponding local flow on M consists of 
real-analytic CR-transformations. The vector field rj G f)o[(M) is called complete on M if the 
local fiow actually consists of a one-parameter family (gt), t G R, of global transformations. Then 
we write exp(r/) := gi and get a mapping exp : aut(M) Aut(M), where out(M) C t)ol{M) 
is the subset of all complete vector fields and Aut(M) is the group of all real-analytic CR- 
diffeomorphisms of M. In general, aut(M) C t)ol{M) is not closed under addition nor under 
taking brackets. But in case there is a Lie subalgebra q C f)o[(M) of finite dimension containing 
aut (M), then a result of [14] implies: aut (M) itself is a Lie algebra of finite dimension and Aut(M) 
has a unique Lie group structure such that exp : aut(M) Aut(M) is locally bianalytic in a 
neighbourhood of G aut(M). 

For every a G M denote by t)ol{M,a) the space of all germs at a of infinitesimal CR- 
transformations defined in arbitrary open neighbourhoods of a. Then f)o[(M, a) is a real Lie 
algebra, and aut(M, a) := G f)ol(M, a) : = 0} is a Lie subalgebra of finite codimension. 
We call the CR-manifold M locally homogeneous if the evaluation map [}o[(Af, a) TaM, 
^ ^a, is surjective for every a G M. Local homogeneity implies that to every pair a,b of 
points in M there exist open neighbourhoods U, V oi a,b in M together with a real-analytic 
CR-diffeomorphism U ^ V . We call M homogeneous if there exists a connected Lie group G 
together with a group homomorphism ^ : G ^ Aut(M) such that the mapping G x M ^ M, 
{g,x) ^ ^{g)x, is real-analytic and G acts transitively on M via Clearly, 'homogeneous' 
implies 'locally homogeneous'. 

The CR-manifold M C Z is called holomorphically nondegenerate if for every domain U C Z 
and every ^ G i}ol{U) with ^x,i^x G T^M for all a; G ?7 n M necessarily = holds for all 
X E U n M. In case M is a real-analytic hypersurface in Z, holomorphic nondegeneracy is 
equivalent to dimf)o[(M, a) < oo for all a G M, see e.g. [2] p. 367 for this and related results. In 
this note (except in the final section 7) the complex manifold Z always has dimension 3 (either 
or a nonsingular quadric in P4(C) ) and M is a real hypersurface that is 2-nondegenerate, a 
property that implies 'holomorphically nondegenerate'. 

Convention for notating vector fields. In this paper we do not need the complexified tangent 
bundle TMi^rC of AI. All vector fields occurring here correspond to 'real vector fields' elsewhere. 
In particular, if £' is a complex vector space of finite dimension and U C E is sai open subset 



4 



Fels-Kaup 



then the vector fields ^ G Ijol^U) correspond to holomorphic mappings f : U ^ E, and the 
correspondence is given in terms of the canonical trivialization TU = U x E hj identifying the 
mapping / with the vector field ^ = (id[/, /). To have a short notation we also write 

As an example, if E is the space of all complex n x m-matrices and c is an m x n-matrix, then 
zczd/g^ denotes the quadratic vector field on E corresponding to the holomorphic mapping E — > 
E, z ^ zcz. As soon as the vector field ^ = f{z)d/g^ is considered as differential operator, special 
caution is necessary: applied to the smooth function h on U is = f{z)d/Q^h + f{z) ^j^h. 
We therefore stress again that we write 

(2.1) ^ = /(z)%^ instead of ^ = + /(z) elsewhere, 

and this convention will be in effect allover the paper. In particular, in case E = ^ with 
coordinates z = (zi, . . . , z„) we write 

i = hiz)%z, + f2iz)d/dz2 + ■■■ + Uz)d/d,^ , 
where / = (/i, . . . , /„) C" is holomorphic. 

3. The tube over the Hght cone 

In this section wc introduce the light cone tube a real hypcrsurface of that is everywhere 
Levi degenerate but has finite dimensional Lie algebra l)ol{,!^,a) at every point a G From 
[11] we recall the explicit form of this Lie algebra and present a root decomposition in terms of 
vector fields. This will enable us in the next section to show that a certain local equation defines 
a CR-manifold locally equivalent to 

A convenient model for 3-dimensional space time is the linear subspace V C R^^^ of all 
real symmetric 2 x 2-matrices with the (normalized) trace as time coordinate. There 

rt := {v e V : V positive definite} 

is the future cone and its smooth boundary part is the future light cone 

^:={veV: det{v) = Mv) > O} = {['+^' ^J^^)eV:t' = xi + xl,t>o}. 

It is obvious that there exists a 2-dimensional group of linear transformations on acting 
simply transitive on ^. 

The main object of our interest is the tube 

(3.1) ^■. = ® iV = {z £ V ® iV : det(z + z) = , Re tr(z) > 0} 

over 'rf, where we identify the complexification V (B iV in the obvious way with the space E 
of all symmetric complex 2 x 2-matrices. ^ is the smooth boundary part of the tube domain 
Jif: = n (B iV in E [Siegel's upper half plane up to the factor i) and is a locally closed real- 
analytic hypcrsurface of E with everywhere degenerate Levi form. Actually it is well known that 
£^ is everywhere 2-nondegenerate as CR-manifold. 
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The CR-automorphisms. The 7-dimensional Lie group of affine transformations on E 

(3.2) {z^gzg' + iv:geGl{2,IL),veV} 

acts transitively on £^ and J^, where g' denotes the transpose of g. It is known [11] that 
Aut{^) is the group of ah transformations (3.2) while Aut(Jf ) is the 10-dimensional group of 
all biholomorphic transformations 



(3.3) 



z I— > {az — ib) {icz + d) ^ , 



where is in the real symplectic subgroup Sp(2,R) C SL(4, R) with a,b,c,d G R^^^, see 

[12] p. 351. Differentiating the action of Sp(2,R) gives 

(3.4) := out(Jf ) = {{b + cz + zc' + zdz)d/g^ ■.b,deiV,ce R^""^} ^ sp (2,R) ^ so (2, 3) 

with convention (2.1) in effect. All vector fields in aut(J^) are polynomial of degree < 2 on 
in particular, 

aut(jr) C C l)0l{^,a) 

in a canonical way for all a € One of the main results of [11] states (even for higher 
dimensional examples of this type) that all three Lie algebras above coincide, see Proposition 
4.3 in [11]. 

The vector fields in q corresponding toc = o)'(o l) ('^•^) 

(3.5) Ci :=22o%^o + 2i%^, and C2 := ^1%^^ + 2^2%Z2 ' 
when expressed in the coordinates 

(20,^1,^2)1 — ^(f 

\ Zl Z2 

on E. These give the following decomposition 

(3.6) 0=00' with [0^51C5''+^ 



where '■= ^ Q '■ [Cj,C] = '^jS, foi" J = 1,2} for = {1^1,1^2) and, in particular, = 
RCi © K(^2. For every root (i.e. v ^ and g'^ 7^ 0) the corresponding root space g'^ has real 
dimension 1, and the set of all roots is visualized by the eight vectors in Figure 1, the root 
system of the complex simple Lie algebra so (5, C) = sp (2, C). 




1 4 7 9 10 

2:5 7 8 

1 4 6 7 7 

2:4 5 5 

1 3 4 4 4 

12 2 2 
1 1 1 1 



Figure 1 



Figure 2 
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An explicit choice of root vectors G is as follows: 

(3.7) = ^^l%zo + *^1^2%zi + ^4^ldz2 

r''-' = i^ldzi C''"' = -^o%^i - 2zi%^2 

Remarks. The choice of the vector fields (3.5) gives the Cartan subalgebra 0° = RCi © I^C2 of 
0. Unlike to the complex situation there may exist several nonconjugate Cartan subalgebras in 
a real semi-simple Lie algebra. In our particular situation g = 50 (2, 3) there are precisely four 
conjugacy classes of Cartan subalgebras. 

Note that all vector fields in g vanish simultaneously in a unique point of the nonsmooth 
boundary part iV of J^, namely in the origin G i?. In Section 4 we will consider another 
Cartan subalgebra of g that vanishes in a point of the smooth boundary part 3' of ^ and in 
Section 6 even a third one is considered that vanishes in a point of , compare (6.2). 

It is not a coincidence that the Cartan subalgebras above vanish at some point of E. To put 

it in a broader perspective, E admits a natural embedding in a compact complex flag manifold 
Z together with a global action of Sp(2,R) on Z that extends the action (3.3). By Borel's fixed 
point theorem every torus B. := exp(f)), t) C g a Cartan subalgebra, has a fixed point in Z. 

The only nonclosed orbits in E of the group 

R:={z^ gzg' + iv:ge SL(2, lC),veV} 

are 3 and — Furthermore, the real function det(z + z) is constant on iJ-orbits and its sign 
determines the signature of the Levi form for the orbits. 



4. A local realization 

In this section we introduce a family {^t)teR local CR-submanifolds in that may be 
considered as local deformations of the tube 3, are pairwise CR-inequivalent and have semi- 
simple Lie algebras f)ol(.y#t, 0), t / 0, of dimension > 6. In particular, with we get a 
normalized equation for 3 in the sense of [7]. 

In the following we consider in with coordinates {w,zi,Z2) hypersurfaces M of the 
following type. M is given near G C'^ by an equation 

(4.1) w + w = 2ziZi + [zfz2 + zlz2) + q{lin{w),zi,zi,Z2,Z2) , 

where q is a convergent real power series whose nonzero monomial terms either have degree > 4 
or have degree 3 and then contain lm{w). Then (4.1) is just the partial normal form (A,ii,2) in 
[6]. In particular, M is 2-nondegenerate at and there the Levi kernel is the 2:2-coordinate axis. 
Further, dimf)o[(M,0) < oo holds. 

Consider on the group of all linear transformations {w, zi, Z2) ^ {s^w, stzi,t'^Z2) with 
s G e"^ and t G e*. Clearly, this group is the exponential of the Lie algebra spanned in out(C'^) 
by the two (real) holomorphic vector fields ^1 and i<^2 where, using convention (2.1), ^1 and ^2 
are given in the local coordinates by 



(4.2) 



Ci := 2wd/Q^ + zi%2i ^2 := z^Q/q^^ + 2^2 %Z2 
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The coordinate expression of these vector fields coincides with those in (3.5) (if the variable w 
is renamed zq). The same will occur in Section 6. 

Prom now on we assume for the rest of the section that g := f)o[(M, 0) contains the vector 
fields Ci and i(^2- For the sake of clarity let us emphasize that under this assumption the vector 
field (2 cannot be contained in g since M is holomorphically nondegenerate. 

Our first goal is to show that under the assumption Ci; ^C2 £ there is a unique equation 
of the form (4.1) such that M is locally homogeneous at G M. It will turn out that in this 
case M is locally CR-equivalent to the tube ^ over the future light cone in as considered in 
Section 2. 

We need some preparation: Let ^ be the complex Lie algebra of all polynomial holomorphic 
vector fields on with coordinates w, zi,Z2- The natural adjoint action of Ci and 1(2 induces a 
grading of ^ : Consider the lattice 

(4.3) A:= {n + im eX + iX: n + m e2X} 

in C and denote by the A-cigenspace of ad(^i + i(^2) in ^ ■ Note that every monomial vector 
field is contained in some For all m, n, / G N and = 0, 1,2 the vector field w'^z'^Z2^/q^^ 
(with ^/Qzq '■= ^/dw to simplify notation) is in for A = i2m + n + k-2) + i{n + 2l-k). In 
particular, every has finite dimension and 

(4.4) ^ = 0qj^, [«p^,«p''] c qj^^" . 

AeA 

A small check shows that = if min(ReA, ImA, ReA + ImA) < —2. For instance, for A G 
{—2, — 1 — i, —2i} the spaces = C^'^ are 1-dimensional with generators 

(4.5) r':=i%w, r'-':=%zv r''--=%Z2- 

In Figure 2 the nonzero complex dimensions of are listed for all A = m + in with m < 6 
and n < 4. 

We now explain how is related to the decomposition ^ = 0^'*'. A priori, the finite 
dimensional Lie algebra g is contained in i)ol{U) for some open neighbourhood U of G C^. 

The sum [ := g+ig in {)o[(?7) actually is a direct sum of real subspaces. Since the complex Lie 
algebra I contains the Euler vector field (d + C2)/2 necessarily i is contained in *p. Both i and 
are invariant under ad(Ci + «C2)- This gives immediately the decomposition 



A 



Let ^ I— >^ ^ be the conjugation of [ with respect to the real form g. Then 

(4.6) = 

for all A and consequently 0nl^ = OifA0R. Furthermore, g admits the generalized eigenspace 
decomposition 

(4.7) 0= 0W, 0W:=0n([^ + [^). 

ImA>0 
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Next we claim that 
(4.8) 0[°1 =RCie]RiC2 

holds. Indeed, assume to the contrary that there exists ^ € gl^' with ^ ^ (RCi+RiC2)- Then 
^ G and, after subtracting a suitable linear combination of (i, 1(2, we may assume ^ = 
awd/Qyj + Pz2'^/Qz2 ^'^^ certain a,/? G C. Applying ^ to the defining equation (4.1) yields on M 
for r := Re (a) and s := lm.{a) the identity 

r{2zizi + zlz2 + zlz2) - 2slm(w;) = I3zlz2 + P zfz2 H 



up to terms of degree > 4 or of degree 3 containing Im(^i') (the convention (2.1) has to be 
observed). This forces a = /? = and, in particular, ^ G (RCi+ RiC2)- □ 
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Our first result now states 

4.9 Proposition. Suppose that the CR-manifold M is given locally by the equation (4.1) and that g = 
f)o[(M, 0) contains the vector fields Cij *C2- Then the following conditions are equivalent. 

(i) M is locally homogeneous at 0. 

(ii) Q contains the vector Gelds 

V ■■= 2^1%^ + (1 - Z2)d/Qzi afld X ■= zfd/g^ - z^z^d/dz^ + (1 - ^i)%Z2 • 

(iii) The term q in the defining equation (4.1) is 

q = {2zizi + zlz2 + zlz2) ■ T.JLiiz2Z2y, 
that is, the defining equation reads w + w = (2ziZi + zfz2 + zlz2){l — -22^2)"^- 

Proof, (i) =^ (ii) Suppose that M is locally homogeneous at 0. Then {^0 ^ C ^ ^} = TqM + 

iTqM = C^. Since vanishes at for every A ^ {-2, -1 - i, -2i} we get dimt'*' = 1 for all 
A G { — 2, —1 lb i, ib2i} where we have used (4.6). Since every g^^^ is invariant under 36(1(^2) we 
have {^0 : C G 9^^^ = {Co : 4 ^ if Ini(A) < 0. Therefore there exists a unique ^ G ^P"^"*"* with 
rj := C"^"* + C e 0, that is, rj = %z-^+azid/Q^ +I3z2%zi ^ f certain a,(3GC. Applying 77 
to the equation (4.1) and comparing homogeneous terms immediately gives a = 2 and (3 = —1. 
In the same way wc get a vector field x '■= ^/dz2 + ^i^/dw ~ ^^'^^'^^/dzi ~ ^^2^/dz2 ^ s'^*' 
suitable 5, e G C. But then [g [-^+*], s [^''l] C g[-i+*] and 

[77,x] = (2^1 + 2((5 - 1)^1^2)%^^ + (1 - 6z2 + {5- e)zl)d/Q^^ e gl'^+^l , 

imply [r], x] = r), i.e. ^ = e = 1. 

(ii) =^ (i) In case rj G g'""*^"*"*', x ^ fl'^*' the linear subspace g '"^"'"^l © g '^^^ C g spans the 
holomorphic tangent space Hq{M) C TqM. The vector field [r], [1(2,11]] ^ g'~^' does not vanish 
and thus spans TqM / HqM , that is, g spans the full tangent space TqM. 

(iii) =^ (ii) This is easily checked. 

(ii) =^ (iii) The R-linear span of rj, x, ['1(2,1]], [^C2!X]> ^C2 is a Lie subalgebra a C g of 
dimension 6 which also spans the full tangent sgace of M at 0. Therefore M is the the local 
integral manifold of a near G C^. Denote by M the hypersurface defined near G by the 
equation (4.1), where q is replaced hy q = (2ziZi + z^Z2 +^1-^2) • X]^i(-^2^2)-' • By a routine 
check it is verified that also a C [)0[(M, 0) holds, that is, also M is the local integral manifold 
of a near G C'^. This implies that the germs of M and M at coincide and hence that q = q 
as power series. □ 

A famUy of CR-manifolds. In the following we fix i G IR and consider the CR-hypersurface 
given in near the origin by the equation 

(4.10) W + W= (2zxZx + ZIZ2^Z\Z2){\ - tZ2Z2)~^ . 

Clearly, this is a special case of (4.1), and it is easily checked that the vector fields Ci)^C2 are 
contained in g := g^ := f)ol(^t,0). The manifold for t = has already been studied in [8] 
and for i = 1 in [9], where also the vector fields 77, x from (4.9) occur. 

Our next goal is to describe how the Lie algebra g depends on the parameter t. Put 
* := {±2, ±2i\ and define for each A G * C A the vector fields C"** G qj"** as follows: 



(4.11) e' ■■= zfd/Qu, - tziZ2d/0z, - tzld/Qz2 ' C' ■= itw^%w + itwzi%^^ _ .^^^^ 



IZi 



and C ^ as in (4.5). Furthermore put 

(4.12) rj^ :-- 



^^+^^ _ Im(A) > 
~ otherwise 
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and notice that 



[Ci,r?^] =Re(A)r7^ and [^(2, ??^] = Im(A) r/^ 



hold for every A G ^. By applying vector fields to equation (4.10) it is not difficult to see that 
the Lie algebra 



2i 



(4.13) 



= (Rr/"^ e RCi ® iR?? ) ® (]R?? 

's[(2,R) xs[(2,R) 
^ < (so(1,1)ixR2) X (so(2)ixR2 
_sl(2,R) X su(2) 



) RzC2 ( 

t > 

t = 
t < 



iRr/^*) 



is contained in g . In case t ^ I the CR-manifold cannot be locally homogeneous at since 
then the vector field x from (4.9) is not contained in g^^*l = Rry^* ©Rry~^*, compare Proposition 
4.9. In case t = the right hand side of (4.10) reduces to a cubic polynomial and, with some 
computation, it can be seen that g = f) in this case, compare also case B2 in [8, p. 94]. In all 
other cases f) is semi-simple. We shall use this in the following. 



Explicit determination of fjol^^t: 0) . For fixed t G R and I = with q 

$ := {A G A : A 7^ and 7^ 0} . 



f)o[(^t,0) put 



Then ^ C ^ and $ is invariant under X X. For every A; G Z denote by dk the dimension of 

the eigenspace £ I : [Ci,^] = k^} = ©ReA=fc '^^^^ t 7^ the representation theory of 

si (2, C) = C??"2 CCi © implies 4 = d-k for all k, and thus di G {0, 2}, ^2 = 1 and dk = 
for > 2. As a consequence, $ is also invariant under A 1-^ —A and has dimension 1 for every 



A G Because of (—1 
proves: 



z) ^ $ in case t ^ 1 we therefore have $ = in this situation. This 



4.14 Proposition. In case t ^ 1 the Lie algebra ()ol(^t,0) coincides with i) and, in particular, has 
dimension 6. 

It remains to consider the case t = 1. Applying r] to equation (4.10) implies 77 G 5 = 
f)0[ (^1, 0). In particular (—1 — i) G and hence $ := {±2, iblibi, ±2?}, that is, <I> can also be 
visualized by Figure 1, while ^' C $ corresponds to the subset of long arrows. Define for every 
A G $ the vectors G <P'*' by (4.5) and 



(4.15) 



-l+i . 



2zid/Q, 



Z2 



Zl 



izi 



^2i 
-1+i 

e 



zl%w 
2wzi dU 



Z1Z2" 
+ iz^ 



)Zi Z2 

- WZ2)d/Qz, + 2ziZ2 



IZi 



IZ 



'Zl 

1^1 d. 



•Z2 



Z2 ■ 



Notice that after replacing Z2 by —Z2 all vector fields in (4.15) and (4.5) become complex 
multiples of those in (3.7). 

Now define r]^ by (4.12) for every A G Differentiating the defining equation for Mi 
along 7]^ gives r/'^ G g and hence = C.^^ for all A G For all A, /i G $ with A + 7^ the 
identity [1^,1''] = [^+^' can be verified, that is, ( is isomorphic to so(5,C). As real form of I 
therefore g is isomorphic to so (5), so (1,4) or so (2, 3). The isotropy subalgebra [q of I at the 
origin of is maximal parabolic. Therefore, J^i occurs as piece of an R-orbit in a 3-dimensional 
quadric Z C P4(C) or in P3(C), where R is a real form of S0(5,C) = Sp(2,C). Since the only 
2-nondegenerate hypersurface orbits occur in case of S0(2, 3) acting on Z, the Lie algebra g 
can only be isomorphic to so (2, 3). Since the tube over the future light cone actually can be 
realized as an open piece of an S0(2, 3)-orbit in Z, we get (a direkt proof is given by formula 
(4.18)): 
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4.16 Proposition. The hypersmface deGned near G by the equation 

(4.17) W + W = {2ziZi + zlz2 + Zlz2){l - Z2Z2)~^ 

is locally CR-isomorphic to the tube ^ over the future Ught cone. 

The local CR-equivalence between and ^ can be made explicit. For this, a transfor- 
mation in S0(5, C) has to be found that the corresponding S0(2, 3)-orbits in the quadric Z maps 
to each other. Let U := {{'w,zi,Z2) € : \z2\ < 1} and consider as closed CR-submanifold 
of U via the equation (4.17). Then 

//I 1 Q\ / ^ I fw + WZ2 + zl \f2zi \ 

(4.18) (^, __(^ ^_^J 

defines a biholomorphic mapping <^ from U to an open subset of E with <^(^i) C The 
inverse ip~^ is given by 



More generally, we consider ^ := as a closed CR-hypersurface of Ut := {{w, zi, Z2) G 
C"^ : tz2'Z2 < 1} and g = f)o[(^, 0) as a Lie algebra of holomorphic vector fields on C'^. For fixed 
Ml 

N := {{w,zi,0) eC^ -.w = zizi} 

is a transversal slice in ^ to the infinitesimal action of g on An elementary computation 
gives 

f 2 2zi \ 
\2zi 2tzizi J 

for the Levi matrix, and hence 4(t — l)zizi for the Levi determinant at the point {w, zi,0) G A''. 
In particular, the infinitesimal g-orbit of the origin, that is {{w, 0, Z2) & : w G iR, tz2Z2 < 1}, 
coincides with the set of all Levi degenerate points of Furthermore, the Levi form at every 
point of ^\N is definite if t > 1 and indefinite otherwise. 

The family yields counter examples to several statements found in the literature: For 
instance, contrary to Theorem 4 in [7], for every the vector field = itw^d/g^ j^Hyj^-^djQ^^ — 
izld/Qz2 ^ f)o[(^t,0) has vanishing 1-jet at 0. Furthermore, in [9] it is claimed that is a 
new example of a uniformly Lcvi-dcgcncratc CR- manifold apart from t!?'," which cannot be true 
due to Proposition 4.16. Finally, translated to oTir notation, it is claimed in [8] p. 194 for the 
model surface ^0 that "dimf)ol(^, 0) < dim [)ol(^0) 0) = 6 holds for every hypersurface ^ 
given by an equation of the form (4.1)". But for J^i this dimension is 10. 

5. Global properties 

Let again V, E, ^, have the same meaning as in section 2. The tube manifold =^ is a 

homogeneous 2-nondegenerate CR-manifold of dimension 5. In the following we want to present 
further CR manifolds of this type that are locally but not globally CR-equivalent to 2^. 
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Let us denote by ^ the universal covering of ^ in the fohowing and hy \i : ^ !^ 
the corresponding covering map. For convenience we identify ^ with x V and with the 
mapping 

(5.1) (r,^,„) ^ e'-f'+.^°'^'^ /'"'^ \ +iv. r,</.GR,i;GF. 

^ ' \ 1 TT I ysin(/pl — cos ) ' ^ ^ ' 

Clearly, the CR-structure on ^ = x F is uniquely determined by the condition that // is a 
local CR-isomorphism. 

Our first result states in particular that every continuous CR-function on ^ is constant 
on /i-fibers. For this denote by =^ := =^ U the convex hull of in E. Also, call for every 
open subset JJ <Z a. continuous mapping j :U — C", n G N, holomorphic if its restriction to 
U n is holomorphic in the usual sense. 

5.2 Proposition. To every continuous CR-function f on ^ there exists a unique Iiolomorphic function 

h on ^ with f = ho fj,. 

Proof. There exists a connected Lie group G (for instance, the group of all transformations 

(3.2) with det(g') > 0) acting continuously on ^ by biholomorphic transformations (in the 
extended sense defined above) such that J7 and are G-orbits. We may assume that G is 
simply connected, otherwise replace G by its universal covering group. This guarantees that the 
action of G on ^ lifts to a transitive action of G on The sheaf O over of germs of local 
holomorphic functions (also in the extended sense) is a Hausdorff space for which the canonical 
projection tt : O ^ is a local homeomorphism. Now fix an arbitrary point a G ^ and choose 
an open neighbourhood y of a in JT. For V small enough there exists a continuous section 
a : V ^ i.e. a = \di\v- Since ^ is the smooth boundary part of the Stein domain 
the Levi cone at a G (which is non zero) points into the direction of Jif. Consequently, there 
exists a connected open neighbourhood U oi a with respect to =^ such that every continuous 
CR-function on V has a holomorphic extension to U, compare [3] p. 256 or [2] p. 205. Fix now an 
arbitrary continuous CR-function f on JT. For every g £ G there exists a unique holomorphic 
function fg on U which coincides with f o g o a on U {^V . Denote hy J-g d O the subset of 
all germs induced by the holomorphic function fg o g~^, defined on g{U). Clearly, every J^g is 
connected. Observe that for sufficiently close gi,g2 G G, the intersection J^g^ ^^g2 is not empty. 
Since G is connected, there is a unique connected component T oi O containing all J-g, g £ G. 

We claim that vr : ^ ^ is a covering map. Since vr is a local homeomorphism it is sufficient to 
show that every continuous curve 7 : [0, 1] — > has a lifting to a continuous curve r : [0, 1] — > ^ 
with TTor = 7. Without lost of generality we may consider only curves 7 in J^. The claim follows 
from the existence of a continuous curve 1 1-^ gt in G with 7(t) = (74(7(0)) for all t G [0, 1]. Since 
^ is simply connected we get that vr : ^ <^ is a bijection. Therefore .7^ is a continuous section 
in O over and determines the required holomorphic function h on □ 

5.3 Corollary. To every g G Aut(^) there exists a unique g G Aut{,9') with og = g o The 
mapping Aut{£^) Aut(^), Ij ^ g, realizes kut{^) as universal covering group of Aut(,3^). In 
particular, AuX.{^y') is a simply connected Lie group of dimension 7 with two connected components, 
acting transitively on ^ . 

Proof. Denote hy l : '-^ E the canonical injection. By Proposition 5.2 the mapping lo fiog 
is constant on ^-fibers and hence factors over fi. The group Aut(=^) is given by all affine trans- 
formations (3.2) and hence there is a canonical isomorphism of Lie groups 

Aut{^) ^ GL(^)kF, 
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where 

GL(^) := {g G QL{V) : g{^) = ^ = (GL(2,R)/{±e}) , 

e G GL(2,R) is the unit matrix and the semi-direct product refers to the canonical injection 
p : GL(<^) ^ GliV). In particular, Aut(^) ^ GL(^)xT/ with GL(^) ^ GL(2,R) the universal 
covering group of GL{^). □ 

A CR-deformation family for For every -0 G R and //^ := (^^°^^^'^2 co^^/2) define G 
GL('^) by = fi^vfi'^. For every z = (s, ■^j u;) G R^ x F then 

(5.4) 0z{r, (p, v) := {r + s,ip + ■0, e''\^v + w) 

defines an affine transformation 9^ G Aut(<^) and G := {9z : ;2 G R^ x V} is a Lie group acting 
freely and transitively on Clearly, has many discrete subgroups F, each of which gives a 
CR-manifold £^ /T locally CR-equivalent to ^. Here we restrict our attention to the following 
one-parameter family (Ft)t>o of discrete subgroups: For every real t > put 7^ := ^(o,27rt,o)) 

F^ := {'jnt '■ n £ ^} and '■= '^/r*- Then every is isomorphic to ^ as real-analytic 
manifold while ^ is equivalent to ^ as CR-manifold. We will see later that actually the are 
pairwise nonequivalent as CR-manifolds, compare Proposition 5.10. The family {^t)t>o may be 
considered as a CR-deformation family of =^ = J^: For R+ := {t G R : t > 0} consider the 
CR-manifold ^xR+, on which Z acts freely by {z,t) hh- {'jnt^t), n G Z. Then (^xR+)/Z is a 
real-analytic CR-manifold, and the canonical projection tt : (=^xR"'")/Z — ^ R"*" is a CR-mapping 
whose fibers give the family {^t)t>o- 

5.5 Proposition. For every t > and every a e the cardinality at (a) of the set 
(5.6) S((a) := {z e '■ f{z) = f{a) for every continuous CR-function / on 
is given by 

^ (^g^^ — j P t = p/q foi" relatively prime integers p,q > 
I 00 in all other cases. 

Proof. The group F := ri/(ri n Ft) acts freely on and by Proposition 5.2 every continu- 
ous CR-function on ^ is constant on F-orbits. In case t irrational F = Z implies crt(a) = 00. 
Therefore we may assume in the following that t = p/q with relatively prime integers p,q > 0. 
Since then F has order p we get at{a) > p. On the other hand, the CR-manifold ^i/q is sep- 
arable with respect to real-analytic CR-functions. Indeed, the orbits of the finite subgroup 
A := {Ajtts : s G g~^Z} C GL(y) C GL(E) are separated by the A-invariant holomorphic 
polynomials on E. Since we have a CR-covering map ^p/q ^ ^^/q degree p this implies 
crt{a) <p. □ 

It is not difficult to see that the centralizer of 7^ in Aut(^) acts transitively on ^ if and 
only if t G N. As a consequence, ^ is homogeneous as CR-manifold if and only if t is an integer. 
In any case, the centralizer of 7^ contains the l-parameter subgroup {7^ : s G R} of Aut(=^), 
which therefore also acts on 3^. 

5.7 Proposition. For every irrational t > the following properties hold: 

(i) For every a G ^t> the set St(a) defined in (5.6) is the circle St (a) = {7s(a) : < s <t}. 

(ii) There exists a closed hypersurface ^ C such that every continuous CR-function on is 
real-analytic on the complement ^\^. 

(iii) There exists a continuous CR-function on =^ which is not real-analytic. 
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Proof. Fix a continuous CR-function / on and denote hj fi : ^ '■ ^ ^ the 

canonical projections. By Proposition 5.2 there exists a holomorphic function h on ,J>^[J ^ with 
f o = h o jjL. Since, for every a G 3^f, the function / is constant on a dense subset of the 
circle {7s (a) : s G IR} we get St (a) C {7s (a) : s G R}. This implies that / o /x^ is 7s-invariant 
for every s G R and hence that h is invariant under S0(2) acting on E as in (3.2). Now the 
proposition follows from the next lemmata 5.8 and 5.9, which may be of independent interest. 
The inclusion {7s(a) : s G R} C St(a) follows from the fact that the mapping ip defined in 
Lemma 5.8 separates the S0(2)-orbits in ^. □ 

5.8 Lemma. Consider in the hypersmface 

o/K := {c + i(rc + se) : c G and r, s G R}, e the unit matrix, 

and denote by W := ,3^\,yV its complement. Let tr be the normalized trace on E (i.e. tr(e) = Ij and 
define the SO {2) -invariant holomorphic mapping (p : E ^ byip{z) := (tr(2;),tr(2;^) — tr(2;)^). Then 

ip{W) = {(xi +%,X2 +iy2) G : xi > 0, X2 < xj - {2xi)-^yl} 
^i-^) = {(xi +iyi,X2 +iy2) e : xi > 0, X2 = xl - {2xi)-'^ yl] , 

and to every continuous SO (2) -invariant CR-function h on ,^ there exists a unique continuous function f 
on (p{^) with h = f oif such that the restriction of f to the interior tp{W) is holomorphic. In particular, 
every continuous SO {2) -invariant CR-function on S' is real-analytic on the dense domain IV C . 

Proof. The expressions for and (p{^) are checked by direct computation. Every continuous 

S0(2)-invariant function /i on is of the form h = f oip with / a continuous function on ^p{^). 
In case h is CR in addition, h admits an extension to an S0(2)-invariant holomorphic function 
on This implies that / is holomorphic on 'p{W) = ip{,J^). □ 

For the proof of 5.7.(iii) it would be enough to find directly a continuous function g on 
such that the pull-back f := g o ip \s CR but not real-analytic on ^. Instead, we use 
invariant integration for the explicit determination of such an /. 

5.9 Lemma. There exists a continuous SO (2) -invariant function on ^ that is not real-analytic. 

Proof. Let ^/s be the unique continuous branch of the square root on H := {s e C : Re(s) > 0)} 

. — ^ 
with vl = 1. Then X{z) = z\\ defines a complex linear form \ : E ^ ^ with A(j^) C H for 
/\ . /\ 

£^ := \J . The function Lp{z) := \/\{z) is continuous on ^ and holomorphic on J^. For 
easier computation let us introduce on E the coordinates {w,zi,Z2) >— > to + ^i)' '''^^ 

then \{w, zi, z^) = w — z\. For every t G R define 7^ G GL(i?) by 

(lu, zi, 22) I — ^ (lu, zi cost -|- 2:2 sin —zi sin i + 2:2 cost) . 

Then 

h{z) := / ipi^tz) dt 







defines a continuous S0(2)-invariant function h on £^ that is holomorphic on J^. As local 
uniform limit of holomorphic functions therefore the restriction / := is a continuous S0(2)- 
invariant CR-function on Define on the open unit disk A C C the holomorphic function g 

by 



27r ^ 27r 



g{s) := h{l,s,0) = /" vT^^Tcosi = ^ ( "'"^^ j c^s'', := /(cost)''c 
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and denote by i? > 1 the radius of convergence of the power scries expansion. From the recursion 
Co = 27r, ci = and = -^^c^.g for /c > 2 wc get R = 1. Because of (l,s,0) G ^ for \s\ = 1 
the function g has a continuous extension to the closure A. 

Now assume that / is real-analytic on Then g would have a holomorphic extension to an 
open neighbourhood of A in C. This contradicts R = 1, that is, / cannot be real-analytic on ^. 
□ 

5.10 Proposition. The manifolds =^ , =^ are globally CR-equivalent if and only if s = t. 

Proof^ Assume that are globally CR-equivalent. Then there exists a transformation g G 

Aut{,'T) with gVs = Ttg, that is, g^s = Jrg with r = zizt. In case s G N the CR-manifold ,% is 
homogeneous. But then at{a) = (7^(6) for all a € and b & implies s = t as a consequence 
of Proposition 5.5. We therefore may assume s, t ^ N. Inspecting the homomorphic image of the 
equation gjg = lr9 in Aut(=^) shows g & @ and thus s = t, see (5.4) for the definition of the 
group 6. □ 



6. The bounded realization 

Let again E = {z £ £2x2 . ^/ _ ^| ^^iq linear space of all complex symmetric 2x2- 
matrices with e = I2 & E the unit matrix. Put 

^ : = {z £ E : e—zz positive definite} 
(6.1) ^ : = {ze E: det(e-zz) = 0, tr(e-zz) > 0} = {z e d& : zz ^ e} 

.y ■. = {zeE:z unitary} ^ U(2)/0(2) ^ {S^ x S'^)/X2 , 

where the action of Z2 is generated by the antipodal map in each of the two spheres S^,S^. 
Then ^ is the open unit ball in E with respect to the operator norm and is also called a Lie 
ball. The boundary decomposes into its smooth part ^ and the Shilov boundary S^, which 

is a totally real submanifold of E. 

The CR-manifold M is fibcrcd in its holomorphic arc components, which all are affinely 
equivalent to the open unit disk A C C, compare [16]. By definition, A (Z M \s a. holomorphic 
arc component of if it is minimal with respect to the property: A 7^ 0, and /(A) C A for 
every holomorphic map f : A ^ E with /(A) C ^ and /(A) PI A 7^ 0. For instance, the set A of 
all diagonal matrices z £ E with zn = 1 > 1 2:22 1 is such an arc component, and every other is 
of the form uAu' with u G U(2). This implies that the space of all arc components in ^ can 
be identified with U(2)/(0(l) x U(l)) = P3(R). Since every g G Aut(^) respects holomorphic 
arc components there is an Aut(,^)-equivariant fiber bundle E, : ^ ^ P^iM.) with fibers the 
holomorphic arc components of 

It is well known that the Cayley transformation z ^ {z — e){z + e)~^ defines a biholomorphic 
map 7 : and also gives a CR-isomorphism =^ ^ {z G ^ : det(e — z) / 0}. In fact, 

E can be considered as Zariski-open subset of a nonsingular quadric Z C P4(C) in such a way 
that 7 extends to a biholomorphic automorphism of Z, and then 7^(2;) = —z~^ for all invertible 
z & E. Also, there exists a unique antiholomorphic involution t : Z ^ Z with Fix(T) = and 
then 

G: = {ge Aut(Z) : g{^) = = {g e Aut(Z) : g{^) = ^} 

= {ge Aut(Z) : rgr = 5}° = S0(2, 3)° 

acts transitively on J^. Via these actions the groups G, Aut(i^) and Aut(.^) are canonically 

isomorphic and hence are identified in the following. We also identify the Lie algebra 



g := aut(^) = {{a + cz + zc' - zaz)d/g^ : a e E, c e u{2)} 
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of G with aut{^) = t)ol{^), where u(2) C 0[(2,C) is the Lie subalgebra of all skew hermitian 
matrices. 

The complexification [ = g ©i g has the decomposition 



with Q G I defined by (3.5) and (3.7) again being a choice of root vectors ^'^ G l'^. But unlike to 
(3.6) the real form g is embedded in a different way here: 



^ has the remarkable property that every CR-equivalence between domains ^,1^ in ^ 
extends to a CR-automorphism of compare [11]. In particular, Aut{'W) = {g e G : gifl/) = 
^} and the groups Aut(^), Aut('^) are conjugate in Aut{^) for any pair of CR-equivalent 
domains ^ ^'f C Si. Via the Caylcy transformation Si, contains a copy of the CR-manifold 3" 
and hence may be considered as a CR-extension of S/" . We may ask whether M is maximal with 
respect to CR-extensions, that is, whether Si can be a proper domain in some other connected 
CR-manifold. A partial answer is given by the following result. 

6.3 Proposition. Let M be a connected, locally homogeneous CR-manifold and letD c M bea domain 

that is CR-isomorphic to a covering of Then D = M. 

Proof. Assume to the contrary D ^ M and fix a boundary point c of in M. Since M is 
locally homogeneous there exists a connected open neighbourhood U C M of c and a vector 
field r) G \:)ol{U) having an integral curve 7 : [0, 1] — C/ with 7(0) = c and a := 7(1) G D. Since 
D is CR-equivalent to a covering of S^ there exists a vector field G [)o[(I?) having the same 
germ as rj at a. Since ^ is complete on D there exists an integral curve 51 : R — > D of ^ with 
5(0) = a. But then, for every s G [0, 1], we have g-g = 71-s G D. In particular, c = g-i G D 
gives a contradiction. □ 

6.4 Proposition. Let M be a homogeneous, connected, simply connected real-analytic CR-manifold 
which is locally CR-isomorphic to Si. Then M is CR-equivalent to the universal covering '% of a homo- 
geneous domain ^ C S?. 

Proof. For every a G M let JF^ be the set of all germs at a of CR-equivalences U where U is 

a an open neighbourhood of a G M and f is open in Consider the disjoint union T of all J^a, 
a G M, in the usual way as sheaf over M with sheaf projection jj, : T ^ M and fix a connected 
component of T. By assumption there is a connected Lie group H of CR-automorphisms 
of M acting transitively on M. This implies that ji : N ^ .Ji is a covering map and hence 
bijective. The evaluation map N ^ Si defines a CR-covering map onto the image ^ (ZSi. Since 
this map is Lf-equivariant, is a homogeneous domain in Si. □ 

Proposition 6.4 reduces the classification problem for CR-manifolds locally CR-isomorphic 
to Si to the study of homogeneous domains in Si. But these are in 1-1-correspondence to G- 
homogeneous domains in P3(R). More precisely, every homogeneous domain ^ C ^ is the full 
S-pre-image of IJ := E{'^). Indeed, fix an arbitrary holomorphic arc component ^4 of ^ with 
^ n 7^ 0. Then the group H := {g e ku\.{fi/) : g{A) = A} has the orbit An'?/ that is open 
in A = A. Therefore H acts transitively on A implying the claim. As a consequence, — > ?7 
is a fiber bundle with contractible fiber, implying that the homogeneous domain d Si and 
its S-image IJ C P3(]R) always have the same homotopy type. In particular, Si has fundamental 
group Z2. 



[=0r with [^:={^Gl:[0,e]=^^iMor i = l,2} 



(6.2) 




otherwise . 
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For certain homogeneous domains in M the same argument as in the proof of Proposition 
5.2 yields the following holomorphic extension property. 

6.5 Proposition. Let \x : ^ be the universal covering of a homogeneous domain C ^ and 
assume that Aut{'^) C Aut{^) acts transitively on '3. Then to every continuous CR-function f on'^ 
there exists a unique continuous function h on^ (J & with the following two properties. 

(i) f = hofi, 

(ii) h is holomorphic on Qi. 

To get further examples of homogeneous domains in Si write 

Gy := {5 G G : g{Y) = Y} and fly := G : exp(RO C Gy} 

for every subset Y (Z Z. Then every subgroup Ga, a ^ has a unique open orbit in 3^. In 
case a = — e this orbit is just the image 7(=^) C ^ of the tube manifold £^ . Also, for every 
holomorphic arc component A of ^ the group Ga has a unique open orbit in Even the 
intersection Ga H Ga has a unique open orbit in provided a & y is in the closure of A with 
respect to d^. All these groups act transitively on ^ and thus give homogeneous domains in ^ 
with the holomorphic extension property of Proposition 6.5. But there also exist homogeneous 
domains C M such that Aut{^ ) is not transitive on ^: 

6.6 Example. Let i*" C be the C-linear subspace of all diagonal matrices. Then the intersection 
F n is biholomorphically equivalent to the bidisk C and G pn^ has Lie algebra 

Qp^^:={{a + cz + zc' -zaz)d/gz-(^^^^ceFnu{2)} ^ 5[(2, R) X s[(2, R) . 

The corresponding open orbit ^ G has the following equivalent description, which may 
be of interest for itself: The group H := SL(2,R) x SL(2,R) acts on the complex manifold 

X := SL(2,C) by z 1-^ gzh'^. For every J) e X put S{z) := dei{z+z) -2 = 2Re(ad - be). 

Then S is an ii"-invariant function on X with 6{X) = R. It is easily checked that multiplication 

by J := induces a biholomorphic automorphism of X with 5{jz) = —S{z). The critical 

set of 5 is {z G X : z = zizz} = SL(2,R) U j-SL(2,R). In particular, 6 has critical values ±2. 

For every e G {ibi,0} consider the orbit := The inversion z z~^ maps to 

M_£ and n M_i = Mq = SL(2,R). It can be shown that is CR-equivalent to ^ C ^. 
Furthermore, Mj is diffeomorphic to ^ x SL(2,R) and hence has fundamental group (recall 
that the tube manifold ^ is diffeomorphic to x F). 

6.7 Example. The Lie group SU(2)/{ibe} = S0(3) acts on ^ by 2; gzg'. Choose an R-Unear 
subspace W of E that is invariant under this action, e.g. W = {z G E : Z11 — Z22 = -^12 +^12 = 0}. 
Denote hy t : E ^ E the unique conjugate linear involution fixing every point of W. Then 
r(^) = ^ and the intersection n ^ is a euclidian ball in W. The group Gwn& = {9 ^ G : 
Tgr = g} has Lie algebra 

9wn^ = {{a + cz + zc' - zaz)d/Q^ : a G W, c Gsu(2)} ^ sl(2,C) . 

Again, the corresponding open orbit C ^ has an equivalent realization: Let X := SL(2,C) 
and consider H := SL(2,C) as real Lie group. Then H acts on X by 2: 1-^ 9zg*, where g* is the 
conjugate transpose of g. Clearly, z l—^ —z commutes with the action of H and hence permutes 
iJ-orbits. The function 5{z) := det(2:+2;*) — 2 = ad + da — bb — cc on X is iJ-invariant with 
critical values ±2 and critical set {z e X : z* = ±z}. This set is the union of three totally real 
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orbits, more precisely: 

Critical value 2: There are the two critical orbits N := {h X : h* = h > 0} and —N = {h(^X: 
h* = h < 0}. A diffeomorphism {h = h* g C^^^ : tr(/i) = 0} ^ iV is given by the exponential 
mapping. By elementary calculus it is seen that 6 attains a local maximum at every point of 
zbAT. As a consequence, N is the only iJ-orbit in X having N in its closure (and the same with 
-AT). 

Critical value -2: The only critical orbit is N := {ih : h = h* e C^^^ det{h) = -1}. The 
hypersurface orbit M := h(^^. * ^ has N in its closure. It can be shown that M is CR-equivalent 
to 

7. Some final remarks. 

The idea of proof in Propositions 5.2 and 6.5 can also be applied in higher dimensions: For 

n > 3 fixed let V C R"-^"- be the subspacc of all symmetric nxn-matrices and E := V(BiV C C"^" 
its complcxification. For all p,q > with k := n — (p + q) > denote by 'rfp^j C V the cone of all 
real symmetric nxn-matrices of type (p, q), that is, having p positive and q negative eigenvalues. 
The group GL(n, R) acts on F by x i— >^ gxg', and the cones 'j^p^q are the corresponding orbits. 
Because of '^q^p = —'^p,q we may restrict our attention to the special case p > q. The cone 
ri := ^„_o is convex open, and J^f := O, (B iV C E is a symmetric tube domain (Siegel's 
upper half plane of rank n up to the factor i). The group Aut(Jf ) consists of all biholomorphic 

transformations (3.3) with in the symplectic subgroup Sp(n,R) C SL(2n,R), compare 

[12] p. 345. 

In analogy to our setting in Section 3 with n = 2 we denote for every p, q by ^p^q := 
'^p.q ® iV the tube manifold over the cone 'ifp^q. Then J^p^q is open precisely if k = and is 
closed if fc = n. In all other cases =5^^^ is a 2-nondegenerate CR-manifold and Aut(^^g) consists 
of all transformations (3.2) (with GL(2,R) replaced by GL(n, R), compare [10]). In [10] also the 
following holomorphic extension property has been shown: In case pq every continuous CR- 
function on has a holomorphic extension to all of E. In case p > every continuous CR-function 
on has a holomorphic extension to J^f that is continuous up to o C in a certain sense. 

Note that every ^p^g is homogeneous under GL(n,R)°ixF. Applying the decomposition 
theorem of Mostow one deduces that J^p^q is a bundle with contractible fibers over the homoge- 
neous space SO{n) /5'( 0{p) x 0{q) xO{k)) . Explicit computation shows that SO(n) is a maximal 
compact subgroup of GL(n, R)'^ and that for the diagonal matrix a := Ip x — Ig x 0^ G 
the subgroup S{^0{p) x 0{q) x 0(fe)) C SO(n) is maximal compact in the isotropy subgroup 
{g G GL(n,R")'^ : gag' = a}. As a consequence, employing the long exact homotopy sequence, 
we determine the fundamental group of ^p^q for n > 3 and 0<p + g<nas 

f Qs n = 3,p = q = l 

7ri(=^,g) = < ZzeZa n>3, p>0, g>0 
I Z2 otherwise , 

where Qs is the quaternion group of order 8. 

For the universal covering /x : ^p^q —>■ 3'p^q of 3'p^q we get the following higher dimensional 
analog of Proposition 5.2. 

7.1 Proposition. In case < p + q < n every continuous CR-function on S^p^q is constant on fi-fibers. 

Proof. Let H be the group of all transformations z ^ gzg' + iv on E with g G GL(n, R) and 
V ^ V . To begin with assume first that p-q > and fix a continuous CR-function / on 
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Let U G E he the smallest open i^-invariant subset containing 3^p^q, that is, U is the union of 
all with p' > p and q' > q. Denote by O the sheaf over U of all germs of holomorphic 

functions. Since for every a G £^p^q the Levi cone at a spans the full normal space to in 
for every x G the function / induces a germ G C/i(x) • Denote by the connected 
component of O containing all fx with x G ^p,q- As in the proof of Proposition 5.2 it follows 
that J- \s & covering of U . As a consequence of the following Lemma 7.2 every loop in <3^^q is 

zero-homotopic in U . Therefore {fx '■ x G is a trivial covering of ^p,q, that is, f = g o fj, 

for some CR- function on 

It remains to consider the case q = 0. But then ^ o U is simply connected and the claim 
follows in the same way as in the proof of Proposition 5.2 (for every open subset V of =^^o U 
a function (/ on 1/ should be called holomorphic if its restriction to V H ,J>^ is holomorphic in the 
usual sense and if for every a & V Ci £^p^q there is a neighbourhood of a in ^p^q and a wedge 
r with edge W such that the restriction extends continuously to W). 

7.2 Lemma. For every p, q with p + q < n the canoniceil injection "^p^q ^ "^+1,9 U '^p^q U '^p,q+i 
induces the trivial homomorphism between the corresponding fundamental groups. 

Proof. Consider the 1-parameter subgroup of SO(n) given by 

(cos t — sin f 
sin t cos t 

for all t G R. Furthermore fix diagonal matrices a,b E '^p,q with an = 1 = —611 and 022 = 
622 = 0. Then the loops 7,0" : [0, vr] ^p,q defined by ^(t) := gfig'^ and a{t) := gpg[ generate 
the group 7ri(^p^q). For every s G IR let a(s), b{s) be the matrices obtained from a, b by putting 
a{s)22 = ^(5)22 = s and leaving all other entries unchanged. Then a(0) = a and a{s) G "^jj+i.g for 
all s > 0. But then the loops 7^ : [0, vr] '^^p,q U'^p+i,q, s > 0, defined by 7s(t) := gfi,{s)g[ give a 
homotopy from 7 to the constant loop 71. In the same way the loops (jg : [0, vr] ^p,q U "^p.g+i, 
s < 0, defined by as{t) := gp{s)g[ give a homotopy from a to the constant loop (T_i. □ 

It is well known that the tube domain Jf has a canonical realization as bounded symmetric 
domain 

& := {z ^ E : \n — zz positive definite} 

given by the Cayley transformation 7 : z 1-^ (z — ln)(-2 + ln)~^- The boundary 82! is the union 
of the CR-submanifolds of E 

^p,o ■={zeE : (1„ - zz) G ^p,o}, 0<p<n. 

The group Aut(^) acts transitively on each ^p^ and can be identified with Aut(,^p,o) this way 
for every p > 0, see [11]. The Cayley transformation 7 gives a CR-isomorphism from to 
the dense domain {z G ^pfi : det(l„ — zz) 7^ 0} in i^p^o- Furthermore, the manifold <^p,o is an 
Aut(Jf )-equivariant fiber bundle over U(n)/(0(n— p) x U(^i)) with fibers the holomorphic arc 
components. In particular, tti (^p,o) = ^2 for p < n. As in the proof of Proposition 5.2 it is shown 
for every p > that every continuous CR-function on the universal covering /j, : Mp^o — Mp^o is 
constant on ;U-fibers. 

Every =5^^o has the following local description in terms of normalized coordinates general- 
izing (4.17): For k := n — p put 

W ■.= {we C'''"' -.w' = w}, El := CP'"' , E2 := {z2 G C^'^p : 4 = Z2} 
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and denote by ^ in [/ := {{w,zi,Z2) € W x Ei x E2 : Ip — Z2Z2 > 0} the CR-submanifold 
given by the matrix equation 

(7.3) w + w = x + x with x := z[{lp — Z2Z2)~^ {zi + Z2Z1) . 

Then 

'w + z[yzi 



(7.4) {w,zi,Z2) 



defines a biholomorphic mapping tp from [/ to a domain in E such that ip{^) is open in =^,o- 
This follows from the realization of as Siegel domain of the third kind in terms of the partial 
Cayley transformation (7.4), compare [15] and [13] p. 10.7. 

Due to the coincidence sp (2, R) = so (2, 3) between symplectic and orthogonal groups in 
low dimensions there are two ways to generalize the tube ^ over the light cone C R'^ to higher 
dimensions: The first possibility in terms of symmetric nxn-matrices and the symplectic group 
has been explicitly described above. The corresponding tube manifolds < p + q < n, are 
all not simply connected and hence provide nontrivial examples for Proposition 7.1. Let us close 
with a description of the second way associated with orthogonal groups: For fixed n > 2 let 

{z\w) := ZiWi + . . . + ZnWn 

be the standard symmetric bilinear form and z i-^z = (zi, . . . , z„) the standard conjugation on 
C". Denote by 

^ := {{t,x) G R^xR" : tit2 = {x\x) , h + t2 > 0} 

the future light cone in (n + 2)-dimensional space time and by := zR^^^ the corre- 
sponding tube manifold over 'rf. Then ^ is a simply connected, 2-nondegenerate homogeneous 
CR-manifold with \:)ol{3^,a) = so (2, n+2) for all a e see [11] for the last statement. Then 
the hypersurface given in U := {{w, zi, Z2) G C x C" x C : \z2\ < 1} by the equation 

w + w= {2{z-i_\zi) + {zi\zi)z2 + (21 121)2:2) (1 - 22^2)"^ , 
is CR-equivalent to a domain in 3^^. As in (4.17) an explicit equivalence is obtained by 

{w,Zl,Z2) (1 + Z2)~^{w + WZ2 + {Zl\zi), 1 — Z2, V2zi) . 
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